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Harmonic generation of ultraintense laser pulses in underdense plasma
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We propose a nonlinear theory of the generation of harmonic radiation from the interaction of ultraintense
laser beams with plasma. The harmonic generation is related to the transition of the laser-plasma equilibrium
state. By taking into account correlations among sidebands, we study many sidebands comprehensively. The
harmonic generation is viewed as a redistribution of laser field over different frequencies because of the
requirement of system stability. We introduce a system parameterS that is related to the sideband intensity
spectrum and self-consistently calculate the value ofS. Our numerical experiments reveal that the variations of
controllable system parameters, plasma density, and laser peak intensity have a great effect onS.
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I. INTRODUCTION

The generation of harmonic radiation is an important s
ject of laser-matter interaction for its practical value f
many applications@2–9#. This phenomenon is worth study
ing because not only laser-atoms interaction, but also la
plasma interaction can lead to it. Esarey and Sprangle@1#
have proposed a nonlinear theory about the generatio
harmonic radiation from laser-plasma interaction. In th
one-dimensional theory@1#, harmonic radiation is viewed a
a perturbed field fluctuating around an incident pump~equi-
librium! field and accompanied by medium fluctuation. B
analyzing the self-consistent linear closed equation se
perturbed quantities, Esarey and Sprangle~ES! derived the
dispersion relation of the perturbed mode and its growth r
The derived growth rates show that the difference in am
tude of each sideband results from different growth rates
should be noted that in Ref.@1#, different harmonic side-
bands are treated as being independent of each other
only dependent on the pump field. The growth rate of e
sideband given in Ref.@1# is that found in the absence of a
other sidebands. Experimental observations indicate
many sidebands, other than a single sideband, generate i
laser-matter interaction. The simultaneous presence of m
sidebands requires us to take into account the correla
among different sidebands. Whether the correlation am
sidebands, in addition to the difference in growth rates,
affect the intensity spectrum is an attractive problem.
study this problem, we cannot resort to ES theory in wh
the correlation among sidebands are not included.

Here we study the generation of harmonic radiation on
basis of an alternative model. In this model, the transve
structure of the pump field was taken into account. Co
pared to the ES theory, the most significant point of o
theory is that the generation of sidebands is viewed a
transition of the state of the laser field, from one equilibriu
to another equilibrium. In our theory, any possible intens
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spectrum of all sidebands is related to a possible way of la
field distributing over all sidebands. We find that the stabil
of the laser-plasma system has some requirements on
distribution of laser field over different frequency comp
nents. Moreover, the correlation among sidebands was
cluded in our theory and its effect on the intensity spectr
was studied.

This paper is organized as follows. We present our mo
in Sec. II. Numerical results and discussion are given in S
III. Section IV is a brief summary.

II. MODEL

A. Monocolor laser field

We consider a circular polarized incident laser be
rather than a linear polarized one. Our model equations
the following fluid equations@10#:

F¹'
2 1]zz2

1

c2
] ttGA52m0 j , ~1a!

F¹'
2 1]zz2

1

c2
] ttGf52

r

«0
, ~1b!

] tS p2
eA

c D5¹f2mec
2¹g, ~1c!

where A is the laser vector potential andf is the electric
potential associated with charge separation,r5e(Ni2ne) is
the net charge.Ni andNe are the densities of ions and ele
trons, respectively. The current densityj 5eNiy i2eneye;
2eneye is mainly contributed by electron fluid due to
higher mass ratiomi /me51836. The relativistic factorg
5A11e2uAu2/me

2c4 arises from quiver motion of electron
in the laser field. Here, we stress that relativistic factorg is a
real quantity because of circular polarization of the incide
laser. Combining these equations, we derive a nonlin
equation ofA,
©2002 The American Physical Society14-1
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F¹'
2 1]zz2

1

c2
] ttGA5vp

2A, ~2!

in which ponderomotive cavitation and relativistic mass c
rection are both included in nonlinear plasma frequency

vp
25

e2Ncr

me

~Ni1¹2g!

gNcr
5v2

~Ni1¹2g!

gNcr
, ~3!

whereNcr is the critical density for the incident laser wit
frequencyv.

We choose two independent variablesj andh in the axial
direction,

j5z2ct, h5z1ct, ~4!

thus we rewrite Eq.~2! as

@¹'
2 1]jh

2 #A5vp
2A. ~5!

Here, h plays the role of time, whereasj acts as an axia
coordinate relative to an observer along with the pulse. F
forward propagating light wave with frequencyv, its vector
potential can be expressed in terms ofj andh,

A;A'~h!exp~ ivj!, ~6!

and obeys the following equation:

iv]hA'52¹'
2 A'1vp

2A' . ~7!

Here, the amplitudeA' is taken asj independent approxi
mately. As amplitudeA' is h independent, the relevant vec
tor potentialA represents a stationary laser field distributio
The action corresponding to this equation reads

Act5E Ldh, ~8a!

L5E ivA'
* ]hA'dt2H, ~8b!

H5E F ~¹'I !2

4I
12v2

Ni

Ncr
A11I 2

~¹'I !2

4~11I !Gdt, ~8c!

wheredt5dx dy dj is the volume of pulse,I 5uA'u2 is the
laser intensity, andL and H represent the Lagrangian an
Hamiltonian of the system, respectively. Due to nonline
plasma frequencyvp

2 , the HamiltonianH a has complicated
dependence on the intensity profileI 5uAu2.

B. Multicolor laser field

The above formulas are derived for the monocolor la
field. For the multicolor laser field,

A5Av1 (
mÞ0

Av1m , ~9a!

Av1m5Avlm exp~ imj!, ~9b!
03641
-

a

.

r

r

where Av represents the central-frequency field, and
sideband is denoted byAv1m;exp@i„2(v1m)j…#. For this
multicolor field, the intensity profile becomes

I 5I v1I v (
mÞ0

2lm cos~mj!1I v

3 (
m1Þm2

$lm1
lm2

exp@ i ~m12m2!j#% ~10!

5I 11I 2 ,

where

I 25I v (
m1Þm2

$lm1
lm2

exp@ i ~m12m2!j#%5I v f 2 ,

~11a!

I 15I vS 11 (
mÞ0

@lm
2 12lm cos~mj!# D 5I v f 1 . ~11b!

The relativistic factorg becomes

g5A11I 11I 2;A11I 1A11I 25g1g2 , ~12!

where

g15A11I 15A11I v f 1, ~13a!

g25A11I 25A11I v f 2, ~13b!

and the nonlinear plasma frequencyvp
2 is a function ofI v ,

f 1, and f 2. Because the factorf 2 includes terms of plane
wave form exp(inj), vp

2 includes terms of plane-wave form
We rewritevp

2 as a serial off 2,

vp
25v2

~Ni1¹2g1g2!

g1g2Ncr

5v2
Ni

Ncrg1
S 11

I v

2
f 21••• D1v2

1

Ncr

¹2g1

g1

1v2
1

Ncr
S ¹2g2

g2
12

¹g1

g1

¹g2

g2
D

5v0
21v1

2f 21v2
2f 2

21v3
2f 2

31•••, ~14!

where

v0
25v2

Ni

Ncrg1
1v2

1

Ncr

¹2g1

g1
, ~15!

is a zero-order term off 2 , andv i
2 ( i>1) are coefficients of

i-order terms, respectively. Note that¹25¹'
2 1]j

2 .
The electric current densityj associated with this multi-

color laser field is a sum of many componentsj v1m,

j 5(
m

j v1u , ~16a!

j v1m;exp@ i ~v1m!j#. ~16b!

Becausej 52eny, one can find thatj v1m depends not only
on Av1m but also onAv1n (nÞm). For instance,
4-2
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HARMONIC GENERATION OF ULTRAINTENSE LASER . . . PHYSICAL REVIEW E 65 036414
j v1m5v0
2Avlm exp~ imj!1v1

2 (
m,n,n

lm* lnln2v

3exp@ i ~n2m1n2v!j#Avd~n2m1n5v1m!

1•••. ~17!

On the right-hand side there are linear terms of relative a
plitudel, third-order terms, and higher odd-order terms. F
convenience, we call the second term on the right-hand
the v1

2-related current density. Similarly, we can call high
terms thev i

2-related current density.
I 1 ~or f 1) reflects the variation of intensity profile cause

by the interference of sideband components with the cen
component.I 2 ( f 2) reflects the variation caused by the inte
ference between any two different sideband components.
any two sideband components, they can influence each o
via two ways. One way is their direct interference rep
sented byI 2. The other way is indirect for two component
the interference of a component with the central compon
yields the variation of refractive index that can be ‘‘felt’’ b
the other component. These two ways can also be seen
the expressions ofvp

2 and j. All v i
2-related current densitie

( i>1) represent direct interference among sidebands.
For each frequency componentAv1m , it obeys the varia-

tion equation

d Act

d Av1m*
50. ~18!

We write the motion equation of each component

iv]hAv52¹'
2 Av1v0

2Av1Kv , ~19a!

i ~v1m!]hAv1m52¹'
2 Av1m1v0

2Av1m1Kv1m ,
~19b!

••• . ~19c!

Here we useK to denote the sum of allv i
2-related current

densities (i>1), Kn is the component ofK at frequencyn.
As pointed out previously,K represents the interferenc
among sidebands.

To describe the distribution of laser field over all fr
quency components, we introduce thelm-m spectrum. The
monocolor field is treated as having a speciallm-m spectrum
where alllmÞ050. For the total laser-plasma system, ea
possiblelm-m spectrum represents a possible equilibriu
An equilibrium state refers to a case in which interferen
among sidebands is neglected.I v f 1 is the intensity profile of
equilibrium, I v f 2 is the intensity fluctuation around equilib
rium. Hence, we will take a new view of harmonic gene
tion, to see it as a transition of a system equilibrium stat

Here, we focus our attention on a state with the followi
sideband distribution where alllm!1. In this case, we can
neglectI 2 ( f 2) that is small relative toI 1( f 1). Thus, only the
contribution of the indirect influence method on the corre
tion of sidebands remains to be considered. Under this
proximation, allK terms on the right-hand side of equatio
03641
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set~19! were neglected. In other words, sidebands are trea
as indirectly influencing each other mutually rather than
ing independent of each other.

We write intensity profile as

I 5I v1I v (
mÞ0

@lm
2 12lm cos~mj!#. ~20!

We are interested in the state with a stationary partition
which amplitudes of all components areh independent, i.e.,
the solution of the following equation set:

052¹'
2 Av1v0

2Av , ~21a!

052¹'
2 Av1m1v0

2Av1m , ~21b!

••• . ~21c!

One can find that in this equation set, different compone
Av andAv1m satisfy the same equation. A special solution
this equation set can be obtained in the following way. As
lm are spatially independent, we only need to solve the eq
tion of the central-frequency componentAv , and we can
obtain, by timing alm , the solutions of all equations o
sidebandAv1m . Of course,Av depends onlm via nonlinear
plasma frequencyvp,e

2 . Thus we denote the centra
frequency field asAv

l to reflect its dependence on thelm-m
spectrum, and the monocolor field should be related toAv

0 .
This dependence is a result of the backaction of sideband
the central-frequency field.

From formula~20!, one can find whenlm is the odd func-
tion of m and independent ofj,

lm52l2m , ]jlm50, ~22!

total intensityI f 1 is j independent, andf 1 becomes

f 15S511 (
mÞ0

lm
2 . ~23!

When the total intensity isj independent, the equation s
can be solved as we suggested previously. However, the
tral componentAv now obeys anS-dependent equation

052¹'
2 Av1v0

2~S!Av . ~24!

Hence, we denote the intensity of the central-frequency fi
as I v

l . The Hamiltonian of the multicolor field reads

Hl5E FS~¹'I v!2

4I v
12v2

Ni

Ncr
A11SIv2

S~¹'I v!2

4~11SIv!Gdt.

~25!

One can find that asl50, orS51, Hl returns to the Hamil-
tonian expressed in formula~8c!.

We write the odd functionl(m) as

l~m!5(
i .0

aim
2i 11, ~26!
4-3
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FIG. 1. Normalized Hamiltonian vsS. H(S50) is the Hamiltonian value of the monocolor field.
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thusS reads

S511(
m

(
i , j .0

aiajm
2i 12 j 12

511 (
i , j .0

aiajE ]m

m2i 12 j 13

2i 12 j 13
dm. ~27!

From this formula, one can find ifl2(m) ]̃mtg21(m), S̃ 1
1tg21(m5`)2tg21(m52`) can be finite. BecauseS
does not have the linear term ofm, we use relative intensity
in the following form:

lS
2~m!5]mS tg21~m!2

1

W
tg21~Wm! D

5
1

11m2
2

1

11W2m2
. ~28!

Here, the parameterW obeys

S511S 12
1

WDp. ~29!
03641
Clearly, lS is an odd function ofm. Thus, whenS is given,
the relative intensity functionlS

2 is also determined.
The parameterSdescribes the equilibrium state of a lase

plasma system. Pulse transverse structure, relative inten
and Hamiltonian are all dependent on it. We are intereste
a stable system equilibrium state. To find a stable state,
calculateI s from Eq.~24! and then use it to calculate syste
energy from the Hamiltonian formula~25!. After finding a
stable state, we calculate thelm-m spectrum in this state. The
effect of controllable parameters, such as plasma densityNi
and laser powerP, on a stable system state will be studied
this numerical experiment.

III. RESULTS AND DISCUSSIONS

In the following numerical calculation, we put field vecto
potentiala in units of Compton potentiale2/m2c2, length in
units of laser wavelength in micronsl, ion densityNi in
units of critical densitym0,ev

2/4pe2. Laser frequency is
taken as 1. In particular, our calculation is toward the stro
field limit I>1.

We useSmin to denote the value ofSof the stablest system
state. We give some examples ofS-H curves under different
parameters in Fig. 1. As shown in Fig. 1,S51 is not always
4-4
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a stable state under many different controllable parame
Even in some curves, for example, the curve atNi
50.5Ncr ,P540 @dashed line in Fig. 1~d!#, there are severa
points corresponding to stable states. We find that the va
tions of Ni and P influenceSmin greatly. According to the
behavior of the neighbor ofS51 these curves can be divide
into several types. One type represented by the curve aNi
50.5Ncr ,P540 @dotted line in Fig. 1~a!# has an ascending
trend whenS rises. This trend means that theS51 state is
stable but not the stablest at these parameters. Another
represented by the curve atNi50.9Ncr ,P520 @solid line in
Fig. 1~b!# has a descending trend whenS rises. This trend
means that theS51 state is not stable. In Fig. 2~a!, we
presentSmin-Ni curves under differentP. Smin-P curves un-
der differentNi are presented in Fig. 2~b!. From Fig. 2, we

FIG. 2. ~a! Smin vs Ni /Ncr . ~b! Smin vs P.
s

03641
rs.

a-

pe

find that the requirement of stability yields a complicat
relationship among three parameters,P, Ni , and Smin .
Some examples of thelm-m spectrum are given in Fig. 3.

IV. SUMMARY

We start from a new standpoint to study the harmo
sideband of incident laser in plasma. Unlike the tradition
treatment in which the correlation among harmonic sid
bands is neglected, we take into account the indirect mu
influences among sidebands and develop a theory about
monic generation. In our theory, harmonic generation is
lated to the transition of system equilibrium states. Hence
stability analysis about system equilibrium is performed. W
introduce anS parameter to denote the system equilibriu
state and calculate its value. The stablest system state i
lated to the lowest value ofS, Smin . We study the dependenc
of Smin on practical experimental parameters, such as la
power and plasma density. Numerical results reveal t
those parameters are crucial to harmonic generation.

Because we are interested in the case with low-inten
harmonic generation, we approximately neglect direct infl
ences among sidebands. We will develop a more comp
theory including direct sidebands influences in future wo
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FIG. 3. lm-m spectrum.
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